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Gas-Film Effects in the Linear Pyrolysis of Solids
R. H. CANTRELL*

Applied Physics Laboratory, The Johns Hopkins University, Silver Spring, Md.

Linear pyrolysis of solids is investigated theoretically and experimentally to determine
whether gas-film effects are important. A theory to explain the effects of the gas film is de-
veloped. The theory is used with experimental data on dry ice (solid phase CO2) to determine
the magnitude of gas-film effects. It is found that there is a large temperature change across
the gas film. This finding refutes the assertion of previous authors that gas-film effects are
unimportant in the linear pyrolysis of solids.

Nomenclature
6 = gas-film radius
cp = specific heat at constant pressure
e = base of natural logarithms
E = activation energy
h = specific enthalpy
L = latent heat of evaporation or sublimation
m = mass flux
M = pre-exponential frequency factor in Arrhenius equation
p = pressure
q = heat flux
r = radial distance variable
R = specific gas constant
Re = Reynolds number
S = Sommerfeld number
t = function defined in Eqs. (32) and (33)
T = temperature
u — radial velocity component
w = axial velocity component
W = weight of sample, holder, and loading weight
"W = dimensionless weight
z = axial distance variable
X = thermal conductivity
fj, = viscosity
£ = T/TQ = dimensionless temperature
p = density

Subscripts
0 = heated surface
1 = evaporating surface
gas = gas phase
sol = solid phase
eq = thermodynamic equilibrium
oo = ambient
s = standard or reference
av = average
max = maximum

Introduction

THE rate-controlling step in the burning of solid propellant
rocket materials is believed to be the rate of surface de-

composition.1 To make laboratory determinations of this
rate under simulated rocket engine conditions, Barsh et al.2
designed a linear pyrolysis apparatus shown schematically in
Fig. Ib. A propellant specimen is pressed against a heated
metal surface whose temperature is comparable to that of
rocket engines.
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In this interpretation of linear pyrolysis data, various au-
thors (e.g., see Ref. 3) assume no temperature change across
the gas film between the heated surface and the solid's evap-
orating surface (solid-gas interface). This work examines
that assumption theoretically and experimentally and shows
that the temperature change is not always negligible.

Heat and mass transfer effects are introduced into an ex-
tended lubrication film theory. The extended theory is used
to calculate evaporating surface temperature for experimental
runs on dry ice (solid phase CC^). Dry ice is used for a basic
study because of its chemical simplicity.

It is customary to fit data for rate controlled (as opposed to
diffusion controlled) evaporation to the Arrhenius formula

m = M Qxp(-E/RTi) (1)
where m is the mass flux (g/cm2-sec), M is the pre-exponential
frequency factor (g/cm2-sec), E is the activation energy
(cal/mole), R is the gas constant (cal/mole °K), and T\ is
the evaporating surface temperature (°K).

Quantum and classical theories independently predict that
the activation energy is equal to the latent heat of evapora-
tion.4 This is explicit in the reaction rate theory of Eyring
(quantum) when the activated complex is assumed to be a
molecule leaving the surface. It is implicit in the Knudsen
equation (classical) with the aid of the Clausius-Clapeyron
relation. The experimental results are in good agreement
with these theories.

Comparison of the results with independent evaporation
rate data for dry ice is desirable. Unfortunately, no such
data have been found. Direct measurement of the evaporat-
ing surface temperature for a dry ice or propellant specimen
is not feasible. The thermal boundary layer thickness in the
specimen is comparable to the diameter of a thermocouple
or other temperature probe.5

Gas-Film Theory of Linear Pyrolysis of Solids

For mathematical simplicity, the theory is developed for a
gas with constant density, viscosity, and thermal conduc-
tivity. Appropriate average values for these constants are
understood. The author's results6 for a perfect gas where
viscosity and thermal conductivity are functions of tempera-
ture alone are given for comparison.

In addition to the usual assumptions of lubrication film
theory,7 the assumptions of the extended theory are that
energy transfer is principally due to heat conduction across
the film, that the heated surface temperature is uniform, that
the only chemical reaction is the solid-gas phase change, that
the evaporation rate is a function of evaporating surface
temperature alone, and that the solid and gas phase enthalpies
are functions of temperature alone.

A solid specimen, which is forced against a constant tem-
perature heated surface by a constant weight load, reaches a
steady state rate of evaporation that is independent of
radial position. The evaporating surface temperature is
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therefore uniform. This implies that the heat flux

is also independent of radial position. Since q, A, and (T0 -
Ti) are independent of radial position, the film thickness Zi
is uniform. .

Subject to the forementioned assumptions and preliminary
conclusions, the axially symmetric steady state equations
for a thin gas film are

Continuity equation
- 0 (2)

(4)

Momentum equations

= 0

Energy equation
\(d*T/dz*) = 0 (5)

These are four equations for the four unknowns p, T, u, and
w.

The mass flux boundary conditions (see Fig. la) are

zi = -m (6)

= * = 0 (7)

where m is the mass flux (evaporation rate) as a function of
evaporating surface temperature. The dependence of m
on Ti is immaterial in the mathematical analysis but cus-
tomarily is given by the Arrhenius formula of Eq. (1).

The radial velocity vanishes on the film surfaces and on the
axis of symmetry. Thus

= u(Q,z) = 0 (8)

The pressure at the edge of the film is ambient pressure.
The net force in the axial direction due to excess pressure in
the film equals the weight forcing the specimen against the
heated surface. Therefore, boundary conditions on the
pressure are

p(b,z) = p*> (9)

W = fb(p~ Pco)27rr dr (10)

The heat flux at the evaporating surface is given by

qi = m[hgas(Ti) - Asoi(^)] (11)

In practice, the bracketed quantity in Eq. (11) is calculated as
a sum of three enthalpies: the enthalpy of phase change at a
standard temperature, the enthalpy difference between the
evaporating surface and standard temperatures for the gas,
and the enthalpy difference between standard and ambient
temperatures for the solid. This boundary condition re-
places the energy equation for the solid.

Boundary conditions on the temperature are

!F(r,0) =

T(r,z,) =

(12)

(13)

The assumption of uniform TQ is justified when the heated
surface is a metal whose thermal conductivity is much greater
than the conductivity of the gas. The uniformity of Tl is
justified by the uniform evaporation rate.

The first and second integrals of the energy equation, sub-
ject to the appropriate boundary conditions, are

-\(dT/dz) = q = q, = m[hgas(Ti) - hsoi(Tm)] (14)

T- T0 = -faz/X) (15)
The film thickness is then

Zl = [\(T0 - Ti)M (16)
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Fig. 1 Schematic drawing of linear pyrolysis apparatus

which agrees with the preliminary conclusion.
The axial momentum equation (4) implies that p = p(r).

The solution of the radial momentum equation subject to
the boundary conditions is

u = Tdr
• z(z —

2/z
(17)

Since u vanishes at the axis of symmetry, (dp/dr)r = o = 0.
Integration of the continuity equation with respect to z

gives the axial velocity

pW
— _ E. — (^p\r^3 ~ 3zi22"|
= ~r dr V dr)[_ 12/z J

(18)

Evaluation of Eq. (18) at z = zl gives a differential equation
for the pressure and a final expression for the axial velocity
profile. They are

(19)

(20)

r dr \ dr

pw = m

The pressure distribution satisfying Eq. (19) and the condi-
tion (dp/dr)r=b = Ois

+ (5/2) (1 - r2/62)] (21)

where

p =

= 6 (22)

is a Sommerfelcl number relating the viscous shear gradient to
the pressure gradient. Integration of the weight loading
relation Eq. (10) gives

The unknown variables p, T, u, and w have been found in
terms of unknown constants. Four simultaneous equations
for the unknown constants Ti} m, qi, and z\ are

S =

m = Me~E/RTl

(24)

(25)

(26)
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Fig. 2 Graphical solution for evaporating surface tem-
perature of dry ice

(27)

Combination of Eqs. (24-27) gives a transcendental equa-
tion for TI

To - T,
X

- hsoi(Tm)Y (28)

When TI has been found, the remaining unknown constants
are calculated easily from Eqs. (25-27).

The values of p, /*, and A in Eq. [28] are understood to be
appropriate values pav, Mav, and Aav. A suitable value for pav

Pav = 1 !TO/2
(29)

For the temperature range of interest, data from Ref. 8 show
that good -approximations to the thermal conductivity and
viscosity of C02 gas are

A/Ao = (TV To)1-5 M/Mo = T/TQ (30)
Appropriate values for Aav and Atav are thus

+ rA1-' /r. + rA , .
TrJ ° ^ = V^^/ M° ( }

For the evaporation of dry ice in a linear pyrolysis appara-
tus, the transcendental equation for TI with transport proper-
ties evaluated at heated surface temperature TO is

X
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Fig. 3 Gas-film radial velocity profile for linear pyrolysis
of dry ice

For a perfect gas whose viscosity and thermal conductivity
are given by Eq. (30), the author6 has obtained

5 - + HCTVTo)4 - 5(7VTo)5-5

27.5

X

- Asoi(^)]3 (33)
The Sommerfeld number for the compressible flow case (per-
fect gas) is given implicitly by

W 3 Cfg-O
(34)

When /S is sufficiently small so that terms of order S2 may be
neglected, this expression reduces to Eq. (23).

The results of the present analysis and the more general anal-
ysis differ by the two expressions for t(Ti/TQ) on the left-hand
sides and by the weight dependent factors [6/$(l + $/4) ] Wid

CONSTANT PROPERTY METHOD

(32) Fig. 4 Axial component of mass flux
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Fig. 5 Gas-film temperature distribution for linear
pyrolysis of dry ice

[Q/S] on the right-hand sides of Eqs. (32) and (33). The two
functions t(Ti/To) are seen in Fig. 2 to be almost identical.
For small values of S, the two analyses give almost identical
results. Experimental data discussed in subsequent sections
are processed by the more general method since the factor
$/4 is not always negligible. For agreement with the more
general results, the factor (1 + $/4) is omitted in subsequent
equations. Further, it is understood that S is determined
from Eq. (34). The velocity, temperature, and pressure dis-
tributions obtained by the two analyses are compared in
Figs. 3-6. The differences are quite small except for the
pressure distribution with large *W.

Use of the Theory to Determine Material
Properties

Calculation of T\ in terms of known properties of the solid
and gas serves no useful purpose at the present time. Graphi-
cal determination of M and E in logm vs l/Ti coordinates
is the present goal of a series of pyrolysis experiments.

To determine T\ when M and E are unknown, one must
measure one or both of the quantities m and q in addition to
Poo, TQ, W, and b. When only one of the quantities m or q
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Fig. 6 Gas-film pressure distribution for linear pyrolysis
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Fig. 7 Cross-section drawing of experimental apparatus
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when only m is measured; and from

is measured, one must measure (77
co)soi and know the enthal-

pies associated with evaporation.
Evaporating surface temperature T\ is obtained from

(35)

(36)

(37)

when only q is measured.
In the experimental work on dry ice, q was measured, but

m was not. Measurement of m would have required addi-
tional equipment to determine the density of each dry ice
sample. Equation (37) is therefore appropriate for the ex-
perimental phase of this work.

In an experimental apparatus, the heat flux q = g0 is meas-
ured at the heated surface. According to the theory q0 = qi.
This is correct to the order of the Reynolds number (when
the Prandtl number is of order unity). The difference be-
tween g0 and gi is shown below to be independent of position.
Since terms of the order of the Reynolds number are neg-
lected, either go or q\ may be correctly used in Eq. (37). The
value gi is believed better because it is the value of the heat
flux where the most significant heat transfer occurs.

The energy equation with convection terms included isf
dTu,±

Cp~dz = m^

Integration gives

q\ — qn = — h,)

(38)

(39)

t The steady state energy equation in the form
pU'Vh = 'UVp + «S>viScous + XV 227

contains three terms of order Re. They are pw(dh/dz), u(dp/dr),
and /XdWd22). The last two terms have no net effect in the
present calculation.
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Substitution of Eq. (39) into Eq. (37) gives

TI 6 voRb2 [go — 2?
,.(^1) -

(40)

Equation (40) is solved in iterative form to obtain £1 =
TI/TQ for experimental runs. The mass flux m is calculated
from Eq. (11) when qi and TI have been determined.

Experimental Apparatus and Results

A cross-section drawing of the experimental apparatus is
shown in Fig. 7. The heat source in the apparatus is an
agitated water bath in contact with the insulated copper bar.
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Fig. 8 Two phase (solid-gas) equilibrium curve for carbon
dioxide

The construction of the holder and guide posts prevents the
constant tone sound emitted by a piece of loosely held dry
ice against a metal surface. No noise is heard when the dry
ice specimen is held firmly in its holder and when the weight
is symmetrically distributed.

The heated surface was cut on a precision lathe for flatness.
It was given a mirror finish to insure that surface roughness
was less than film thickness. No attempt was made to
make the surface optically flat because of expected thermal
distortion during experimental runs.

In the experimental work, it was observed that a loosely
held sample of dry ice emits a constant tone that is reminis-
cent of the familiar sound produced by the vibrations of a
coin placed on a piece of dry ice. When such vibrations
occur, the steady state analysis of this paper is not applicable.
Fortunately it was found that no sound was produced when
the sample was carefully centered and firmly held in its holder.

The experimental data required to determine TI and m
for a single run (thus M and E for a series of runs) are found
from Eqs. (40) and (23). Necessary measurements are
TQ, pa, qQ, b, W, and (Tj)aoi. Values of viscosity, thermal
conductivity, and the enthalpies associated with evapora-
tion are also necessary. For all runs, the enthalpy difference
between actual and solid-gas equilibrium temperatures is
negligible compared to the enthalpy of evaporation.

Values of measured and calculated quantities for a typical
experimental run are as follows:

Measured quantities

T0 = 311.0 °K pa = 0.99 atm

qG = 0.877 cal/cm2 sec b = 2.22 cm

W = 1090 g "W = W/irbtp*, = 6.85 (10) ~2

Calculated quantities
Tl = 224.4 °K

21 = 3.48 (10)-3cm

= 5.80 (10) ~3 g/cm2 sec

= 1.46 (10)3 cm/sec

The results of the experiments are consistent with the as-
sumptions of the theory and of the experimental apparatus
design. The film thickness is over 600 times the length of
the mean free path (calculated by the hard sphere model of
kinetic theory for mean film temperature) for the typical run.
The continuum model is therefore justified. The speed of
sound at mean film temperature is over 17 times the maxi-
mum velocity, so that compressibility effects are indeed
negligible in the gas film. The wavelengths of visible light
vary from 4(10) ~5 to 7(10)~5 cm. The local surface rough-
ness of a mirror finish surface is less than a quarter wave-
length of visible light. The heated surface roughness is
therefore small compared to the film thickness. The Reyn-
olds number, relating inertia force to viscous force is

Re = £- —^L- = 0.0142

which is small as was assumed. The Arrhenius formula for
the evaporation of a solid is strictly correct for a one-way
reaction in vacuo. It is approximately correct when the ratio
[Cpeq — p) /peq] is nearly unity.9 peq is the solid-gas equilibrium
pressure at evaporating surface temperature. Since the cal-
culated evaporating surface temperatures are greater than the
triple point temperature, appropriate values of peq are found by
extrapolation of the Clausius-Clapeyron relation. For the
dry ice experimental runs, 0.84 < [(peq_ — pav)/peq] < 0.91.
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Locations of the evaporating surface temperatures and aver-
age film pressures are compared to the extrapolated solid-gas
equilibrium curve in Fig. 8.

Mass flux vs evaporating surface temperature is plotted
in Fig. 9 for 37 experimental runs. The points are scattered
about the curve m = M exp(-E/RTi) where M = 4.27(10)3

g/cm2-sec and E = 137 cal/g. The slope of the curve is
chosen so that E = Ls in accordance with the theories for
evaporation rates.

The scatter of the data in Fig. 10 is not believed unreason-
able. An estimate of expected scatter is made by deter-
mining the effects of error in TQ, qQ, and b on the calculated
values of T\ and m. It is assumed that no error was made
in determining pm and W. Two measurements of tempera-
ture and heat flux were taken at least 30 sec apart. If either
temperature reading differed from the average by more
than 1 °K or if either heat flux differed from the average by
more than 1%, the run was rejected on the basis that steady
state conditions did not prevail. Measurement of b is be-
lieved accurate within ±0.05 cm.

A root mean square error analysis for T\ and m based on
the maximum error in TQ, q0, and b has been used to determine
the expected data scatter curve in Fig. 10. The rms error
is not an expected statistical standard deviation because the
magnitude of error in each quantity is the maximum allowed
and is not based on a statistical average. The use of maxi-
mum expected experimental error in the error analysis should
roughly compensate for not estimating round-off error in the
numerous calculations and for any scatter due to chemical
variations in the specimens for the various runs.

A comparison of the present and previous interpretations
of pyrolysis data is given in Figs. 9 and 10. Figure 9 shows
the experimental data where gas film effects have been con-
sidered. Figure 10 shows the calculated evaporation rate
vs heated surface temperature. The latter plot completely
neglects gas-film effects. Neglect of gas-film effects does
not give the expected activation energy, shows that the data
obtained depend on the dimensionless weight, and shows a
larger data scatter; the larger data scatter is not immediately
evident because of the different temperature scales of the two
graphs. Anderson et al.3 report that the results of pyrolysis
experiments are independent of weight loading and ambient
pressure (effectively dimensionless weight). These are
definitely not the findings of this study. It is interesting
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to speculate that their observation is somehow connected
with the channeling phenomenon discussed in the following
paragraph.

It would be desirable to have data for larger and smaller
values of the evaporation rate. Larger evaporation rates
were observed, but they could not be interpreted by the
theory because well-defined channels formed in the surface
of the specimens. (See Fig. 11.) The smooth surface ap-
proximation is not valid when channels form. Attempts to
observe smaller rates were unsuccessful because of ice forma-
tion on the heated surface. The dry ice probably contained
a trace of water as a chemical impurity.

Conclusions

The principal conclusion of this study is that gas-film
effects can be significant in the linear pyrolysis of solids. The
gas-film theory is believed to be quantitatively accurate be-
cause it is based on well-established physical principles, be-
cause the assumptions of the theory are consistent with the
calculated results, and because the data confirm the theoreti-
cal activation energy.

The work on dry ice could be extended to include faster
and slower rates of evaporation. This would require chem-
ically pure dry ice. However, the trends established by the
present work are believed sufficiently clear. Instead of do-
ing more work on dry ice pyrolysis, the extension of the theory
to include the additional difficulties of gas-film chemical
reactions, diffusion of species, and perhaps a different range
of parameters would be of much greater use to workers in the
solid propellant field.

In a recent paper, Nachbar and Williams10 propose that a
porous heated plate be used in future linear pyrolysis experi-
ments. They develop a theory to include gas-film reaction
and diffusion in a one-dimensional flow field. The one-
dimensional analysis has definite theoretical advantages over
a possible extension of the present work. However, the
additional experimental problem of film thickness measure-
ment is introduced in their proposal. No matter what course
is taken in future work, Nachbar and Williams and the au-
thor agree that gas-film effects must be considered.
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Scale Effects and Correlations in Nonequilibrium Convective
Heat Transfer

DANIEL E. ROSNER*
AeroChem Research Laboratories, Princeton, N. J.

The effect of chemical nonequilibrium on the dependence of heat flux on physical scale is
illustrated for the case of simultaneous gas-phase and surface-catalyzed-atom recombination.
Altitude-velocity regimes in which one can expect appreciable chemical nonequilibrium effects
on the heat flux and its scale dependence are displayed and combined with trajectory informa-
tion for representative hypersonic vehicles. Approximate but rather general correlation equa-
tions are suggested for the nonequilibrium boundary-layer regime.

Nomenclature

cp = specific heat of mixture
Dn = atom-molecular binary diffusion coefficient
G = (d2/Diz)/T, gas-phase recombination rate parameter
H = rz>-A/ichem, eq/A/i/
h — altitude
kn = termolecular, homogeneous atom recombination rate

constant
kw = first-order rate constant for heterogeneous atom recom-

bination8? 28

Lef = Lewis number = -Di2/[X//(pCp,/)]
m = exponent in the power-law relation g"d§m, Eq. (4)
n = total number density or 4 + d lr\.ew/d \nTw
Nu = q"/[\f(Te-Tw)/b]
p = local pressure
Pr\ = Prandtl number for heat conduction = (/*/p)/[X/(pcp)]
PrD = Prandtl number for diffusion = (ju/p)/A2
q" = energy transfer rate per unit area of solid
rz> = recovery factor for chemical energy [Lef for conduc-

tivity cell, (Le/)°-6 for stagnation point boundary
layer]

RB = nose radius of body
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local Stanton number for atom transport
absolute temperature
component of gas velocity parallel to surface
velocity of vehicle with respect to undisturbed at-

mosphere
kwd/Diz = catalytic parameter
mass fraction of atoms
inviscid velocity gradient at nose
recombination coefficient
plate spacing or boundary-layer thickness
total hemispheric emittance
thermal conductivity of mixture
dynamic viscosity of mixture
kinematic viscosity of mixture; JU/P

mass density of mixture
Stefan-Boltzmann radiation constant
recombination relaxation time25 in gas phase
extent of recombination = (ae — aw)/ae

( = A/ichem/A/lchem, eq)
operator meaning change in (across conductivity cell or

boundary layer)
order of magnitude symbol

Subscripts

chem = chemical contribution
D = pertaining to atom-molecule diffusion
e = at hot boundary or outer edge of boundary layer
eq = pertaining to local thermochemical equilibrium
/ = chemically "frozen," i.e. excluding thermochemical con-

tribution
G = at constant G
W = at constant W
w = at wall (gas/solid interface)
X = pertaining to molecular conduction
1 = atoms
2 = molecules
00 = relative to upstream infinity (undisturbed atmosphere)


